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Abstract
To minimize the average of a set of log-convex functions, the stochastic New-
ton method iteratively updates its estimate using subsampled versions of the full 
objective’s gradient and Hessian. We contextualize this optimization problem as 
sequential Bayesian inference on a latent state-space model with a discriminatively-
specified observation process. Applying Bayesian filtering then yields a novel opti-
mization algorithm that considers the entire history of gradients and Hessians when 
forming an update. We establish matrix-based conditions under which the effect of 
older observations diminishes over time, in a manner analogous to Polyak’s heavy 
ball momentum. We illustrate various aspects of our approach with an example and 
review other relevant innovations for the stochastic Newton method.

Keywords Stochastic Newton method · Sequential Bayesian inference · 
Discriminative Bayesian filtering · Momentum in optimization

Mathematics Subject Classification 49M15 · 90C15 · 62M20 · 90C25

1  Optimization scheme

In machine learning and data science, we often encounter problems of the form:

where each log-convex function gj ∈ C2(ℝd) corresponds to the loss accrued by an 
observation or sample at parameter value � for 1 ≤ j ≤ n . Examples include multiple 
linear regression and maximum likelihood estimation for the exponential family (see 

(1)min
�∈ℝd

�(�) for �(�) =
1

n

∑n

j=1
log gj(�)
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Sect. 6 for details). In this paper, we examine an online learning regime where data 
arrives asynchronously in a stream or n ≫ 1 is sufficiently large that samples must 
be processed in batches.

We consider a sub-sampled Newton method that leverages stochastic estimates 
for both the gradient and Hessian [19]. At each step t ≥ 1 , we begin with the pre-
vious parameter estimate �t−1 , obtain a uniform random sample St ⊂ {1,… , n} , 
and calculate 

 where ∇ log gj = ∇gj∕gj and ∇2 log gj = (gj∇
2gj − ∇gj(∇gj)

⊺)∕g2
j
 denote the gradi-

ent and positive-definite Hessian of log gj , respectively. In this way, we form a step 
direction −Q−1

t
ft using only information available from the current batch St . For 

modern applications, computer hardware limitations often constrain the batch size 
||St

|| to be much less than n.
Given the descent direction −Q−1

t
ft , we perform an Armijo-style [5] backtrack-

ing line search (see Algorithm 1 for particulars) using the function 1

�St�
∑

j∈St
log gj 

to determine a good step size 0 < 𝜆t < 1 prior to updating

Proceeding in this way, each optimization step performs a Newton update on a sub-
sampled surrogate of the true objective.

Given some initialization �0 , this method produces a sequence of estimates 
�1, �2,… that under certain conditions tends towards the solution to problem (1). 
For a precise analysis of this second-order approach to stochastic optimization (in 
the less restrictive setting that the functions gj are convex), see Roosta-Khorasani 
and Mahoney [65] and Bollapragada, Byrd, and Nocedal [13].

Thesis and outline. Exchanging the full objective function for subsampled 
versions of it offers computational and practical benefits, but incurs a cost in 
terms of the reliability of the computed updates. In particular, the sub-sampled 
estimates (2a) and (2b) may prove quite noisy, hindering progress towards the 
optimum. This paper adapts a Bayesian filtering strategy in an attempt to mitigate 
this issue. We begin with a discussion of related work in the next section and then 
introduce discriminative Bayesian filtering in Sect. 3. We recast the optimization 
process described in this section as a discriminative filtering problem in Sect. 4, 
leading to an algorithm that calculates a step direction using the entire history of 
sub-sampled gradients and Hessians. In Sect. 5, we establish technical conditions 
under which the proposed algorithm behaves similarly to Polyak’s momentum. 
In Sect. 6, we compare the standard approach outlined in this section to our pro-
posed, filtered method using an online linear regression problem with synthetic 
data, before drawing conclusions in Sect. 7.

(2a)ft =
1

�St�
∑

j∈St
∇ log gj(�t−1),

(2b)Qt =
1

�St�
∑

j∈St
∇2 log gj(�t−1),

(3)�t = �t−1 − �tQ
−1
t
ft.
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2  Related work

In this section, we provide a brief overview of related work, separated thematically 
into paragraphs.

Filtering methods have previously been applied to stochastic optimization problems, 
with notable success. Houlsby and Blei [33] characterized online stochastic variational 
inference [31] as a (non-discriminative) filtering problem using the standard Kalman 
filter where the covariance matrix was restricted to be isotropic and demonstrated 
promising results training both latent Dirichlet allocation  [11, 30, 63] and Bayesian 
matrix factorization models  [29]. For least squares problems, Bertsekas  [9] demon-
strated how the extended Kalman filter could be applied to form batch-based updates. 
More recently, Akyıldız [3] and Liu [42] developed filtered versions of the incremental 
proximal method [10]. In a more general setting, Stinis [70] phrased stochastic optimi-
zation as a filtering problem and proposed particle filter-based inference [77, 78].

While momentum and momentum-like approaches have been thoroughly explored 
for stochastic problems in general [14, 24, 35, 62, 66, 67, 69, 71] and for the stochas-
tic Newton method when restricted to solving linear systems  [43], momentum for 
more general cases of stochastic Newton has received comparatively little attention.

As the parameter space becomes high-dimensional, the computational costs for 
inverting the Hessian matrix grow cubically. Hessian Free approaches entirely cir-
cumvent the construction and subsequent inversion of the Hessian [47, 52, 75] by 
directly computing matrix-vector products using the conjugate gradient method or 
the Pearlmutter trick [58]. Berahas, Bollapragada, and Nocedal [7] explore sketch-
ing [1, 44, 55, 56, 59] as an alternative to sub-sampling.

Backtracking line search plays an important role in Roosta-Khorasani and 
Mahoney’s [65] convergence results and inspired the use of line search in this work. 
In contrast to the more traditional stochastic approximation results that stipulate ∑∞

t=1
at = ∞ and 

∑∞

t=1
a2
t
< ∞ where at > 0 are step sizes [64], many variants of sto-

chastic Newton use either line search or fixed step lengths. In the stochastic setting, 
line search remains an area of active research [8, 45, 57, 73].

Other recent innovations for the stochastic Newton method include non-uni-
form  [76] and adaptive sampling strategies  [12, 26] for the batches St , low-rank 
approximation for the sub-sampled Hessians [25], and alternate formulations for the 
inverse Hessian  [2]. Any of these approaches could be applied to the method we 
develop in the remainder of this paper.
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3  Discriminative Bayesian filtering

Consider a state-space model relating a sequence Z1∶t = Z1, Z2,… , Zt of latent 
random variables to a corresponding sequence of observed measurements 
X1∶t = X1,X2,… ,Xt according to the Bayesian network:

At each successive point t in time, filtering aims to infer the current hidden 
state Zt given all currently available measurements X1∶t . We find that such an esti-
mate often provides more accurate and more stable performance than an estimate 
for Zt given only the most recent measurement Xt . This is expected, as we know 
that conditioning reduces entropy [21, thm 2.6.5] and that the law of total variance1 
implies

where we use �[⋅] and � [⋅] to denote expectation and (co)variance, respectively. In 
particular, conditioning also reduces variance on average.

In Bayesian filtering, inference takes a distributional form. Given a state model 
p(zt|zt−1) that describes the evolution of the latent state and a measurement model 
p(xt|zt) that relates the current observation and current latent state, Bayesian filter-
ing methods iteratively infer or approximate the posterior distribution p(zt|x1∶t) of 
the current latent state given all available measurements at the current point in time. 
To this end, the Chapman–Kolmogorov recursion

relates the current and previous posteriors in terms of the state and measurement 
models, up to a constant depending on the observations alone. The Kalman filter 
provides a quintessential example, where both the state and measurement mod-
els are chosen to be linear and Gaussian [37]. For nonlinear Gaussian models, the 
extended Kalman filter performs linearization prior to applying the standard Kalman 
updates. In general, the integrals required to compute (4) prove intractable. Assumed 
density filters employ variational methods to fit models to a tractable family of dis-
tributions  [34, 40], sigma-point filters such as the unscented Kalman filter apply 

�[� [Zt|X1∶t]] ≤ � [Zt|Xt]

(4)p(zt|x1∶t) ∝ p(xt|zt)∫ p(zt|zt−1)p(zt−1|x1∶t−1) dzt−1

1 The law of total variance states that for random variables Y1 and Y2 defined on the same probability 
space, if � [Y1] < ∞ , then � [Y1] = �[� [Y1|Y2]] + � [�[Y1|Y2]].
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quadrature  [36, 51], and particle filters perform Monte Carlo integration  [27, 28]. 
For comprehensive surveys of Bayesian filtering, consult Chen [20] and Särkkä [68].

In some cases, it may be easier to calculate or approximate p(zt|xt) than the typi-
cal observation model p(xt|zt) . In order to use the conditional distribution of 
latent states given observations for filtering, we may apply Bayes’ rule to find that 
p(xt|zt) ∝ p(zt|xt)∕p(zt) up to a constant in xt and re-write (4) as

We characterize discriminative filtering frameworks as those that exchange a gen-
erative model (in the sense of Ng and Jordan  [54]) for the ability to use p(zt|xt) 
for inference. Well-known examples include maximum entropy Markov models [49] 
and conditional random fields  [41], with applications including natural language 
processing (ibid.), gene prediction  [22, 74], human motion tracking  [38, 72], and 
neural modeling [6, 16].

In this paper, we focus on the Discriminative Kalman Filter (DKF) [17, 18] that 
specifies both the state and discriminative observation models as Gaussian:

where A ∈ ℝ
d×d and Γ ∈ �d parameterize the Kalman state model for the set �d of 

valid d×d covariance matrices, f ∶ X → ℝ
d and Q ∶ X → �d parameterize the dis-

criminative model for an abstract space X  , and �d(⋅;�,Σ) denotes the d-dimensional 
Gaussian density function with mean � ∈ ℝ

d and covariance Σ ∈ �d . With initiali-
zation p(z0) = �d(z0;�, S) where S ∈ �d satisfies S = ASA⊺ + Γ , the unconditioned 
latent process is stationary. The function f here may be non-linear. If the posterior at 
time t − 1,

is approximately Gaussian then it follows from the model (6, 7) and the recursion (5) 
that the posterior at time t,

can also be approximated as Gaussian, where 

 In fact, this approximation is exact when the matrix Q(xt)−1 − S−1 is positive defi-
nite [18, p. 973]; if this fails to be the case, the DKF specifies Σt = (Q(xt)

−1 + R−1
t−1

)−1 

(5)p(zt|x1∶t) ∝
p(zt|xt)
p(zt) ∫ p(zt|zt−1)p(zt−1|x1∶t−1) dzt−1.

(6)p(zt|zt−1) = �d(zt;Azt−1,Γ),

(7)p(zt|xt) = �d(zt; f (xt),Q(xt)),

(8)p(zt−1|x1∶t−1) ≈ �d(zt−1;�t−1,Σt−1),

(9)p(zt|x1∶t) ≈ �d(zt;�t,Σt),

(10a)Rt−1 = AΣt−1A
⊺ + Γ,

(10b)Σt = (Q(xt)
−1 + R−1

t−1
− S−1)−1,

(10c)�t = Σt(Q(xt)
−1f (xt) + R−1

t−1
A�t−1).
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in place of (10b). In this way, closed-form updates for the DKF’s posterior require 
only the inversion and multiplication of d×d matrices, upon evaluation of the func-
tions f and Q.

In Sect.  1, we considered an optimization scheme that iteratively obtains sub-
sampled values for the objective function, its gradient, and Hessian in a small neigh-
borhood around the current parameter value. It then estimates an optimal direction 
of descent given only the current observations and parameter value. In this section, 
we showed how a discriminative Gaussian approximation  (7) can be used with a 
latent state model (6) to consider the entire history of observations when performing 
inference. In the next section, we will apply this discriminative filtering process to 
forming updates for the stochastic Newton method.

4  Stochastic optimization as a filtering problem

When the batch size ||St
|| is small, the stochastic estimates obtained for the gradient 

(2a) and Hessian (2b) of � may prove to be quite noisy. To remedy this, we now out-
line a filtering method that incorporates multiple batches’ worth of noisy measure-
ment information to inform its estimate for Zt = ∇�(�t−1) . At each step, we let Xt 
denote the current parameter value along with the function, gradient, and Hessian of 
1

�St�
∑

j∈St
log gj obtained from the uniform random sample St in a neighborhood of 

�t−1 . In order to iteratively update our distributional estimate for Zt given all availa-
ble observations using the discriminative Kalman filter (DKF) as described in the 
previous section, we must first specify a discriminative measurement model and 
state model of the required form. After formulating these models, we then describe 
how to use the resulting filtered estimates in our optimization framework.

4.1  Measurement model

Given some observation xt of the random variable Xt , which in this case corresponds 
to local information for the sub-sampled function 1

�St�
∑

j∈St
log gj in a neighborhood 

of �t−1 , we form a Gaussian approximation for the conditional distribution of Zt as

where the mean ft and covariance Qt refer to (2a) and (2b), respectively. While other 
authors have justified similar Gaussian approximations using the sub-sampled gradi-
ent via the Central Limit Theorem [45, 46], we stress that we expect Qt ≈ ∇2�(�t) in 

(11)p(zt|xt) ≈ �d(zt; ft,Qt)
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the large-sample setting: in particular, we do not intend our covariance estimate Qt 
to tend to zero when d = 1 (or toward singularity when d > 1).2

If the functions gj(�) in (1) are themselves probability density functions, so that we 
seek � that minimizes the observed negative log likelihood

for �1,�2,… ,�n ∼
i.i.d. p�∗ and some underlying distribution p�∗ where �∗ denotes 

the true parameter in a family {p�}�∈Θ of parametrized distributions, then with 
�(�,�) defined analogously to (1) we have

so that ft from (2a) with the functions log gj(�) as specified in (12) is an unbiased 
Monte Carlo estimate for the expected gradient of the objective. Furthermore, the 
Fisher information equality implies

so that for �t−1 near the the optimum �∗ = argmin�{�(�)} , we have

and the sub-sampled Hessian Qt from (2b) under the specification (12) should form a 
reasonable approximation to the variance of the gradient. In this case, the step direc-
tion −Q−1

t
ft takes the form of the natural gradient [4, 48].

4.2  State model

We want our latent state estimate to evolve continuously, so we specify the state model

for 0 < 𝛼 < 1 and 0 < 𝛽 , and define S =
�

1−�2
Id where Id is the d-dimensional iden-

tity matrix. This autoregressive model with a single lag allows the previous gradient 
estimate to influence the current gradient estimate. In particular, we stipulate a cor-
relation of � between zt(i) and zt−1(i) where z(i) denotes the i-th coordinate of z.

(12)log gj(�) = − log p(�,�j)

(13)
�[ft] = −

1

�St��
�∑

j∈St
∇� log p(�,�j)��=�t−1

�

= − �Ψ∼p�∗
[∇� log p(�,Ψ)��=�t−1] = �Ψ∼p�∗

[∇��(�,Ψ)��=�t−1 ]

(14)
�Ψ∼p�∗

[
∇� log p(�,Ψ)|�=�∗

]
= − �Ψ∼p�∗

[
∇2

�
log p(�,Ψ)|�=�∗

]

=�Ψ∼p�∗

[
∇2

�
�(�,Ψ)|�=�∗

]

(15)�[Qt] ≈ �Ψ∼p�∗
[∇� log p(�,Ψ)|�=�∗ ] = �Ψ∼p�∗

[∇��(�,Ψ)|�=�∗ ]

(16)p(zt|zt−1) ≈ �d(zt; �zt−1, �Id)

2 For mean-zero i.i.d. random vectors Y1,Y2,… ,Y
n
 with finite variance � [Y1] = V ∈ �

d
 , the Central 

Limit Theorem provides conditions under which 
√
nȲ

n
→ N(�,V) in distribution as n → ∞ , where Ȳ

n
 

denotes the mean of Y1,Y2,… ,Y
n
 and N(�,V) is a d-dimensional Gaussian random variable with mean � 

and covariance V. For the unscaled mean Ȳ
n
 , it would follow that each component of � [Ȳ

n
] tends to zero.
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4.3  Resulting estimates and filtered optimization scheme

We now filter the state-space model described above to obtain iterative estimates for the 
posterior distribution. Starting with the previous approximation for the optimal descent 
direction given all available observations,

we may apply the DKF to recursively approximate the next posterior 
p(zt|x1∶t) ≈ �d(zt;�t,Σt) as Gaussian under (11) and (16), where 

 if Q−1
t

− S−1 is positive definite; otherwise

This recursive approximation inspires a novel optimization scheme similar in nature 
to the standard stochastic Newton method introduced in Sect. 1, where we replace 
the unfiltered estimates ft and Qt with our filtered estimates �t and Σt , respectively, at 
each update step. Given the same problem (1) and initialization, at each step t ≥ 1 , 
we now take the search direction −Σ−1

t
�t . We then perform an Armijo-style back-

tracking line search using 1

�St�
∑

j∈St
log gj . See Algorithm  2 for pseudo-code and 

complete details.
Calculating the posterior p(zt|x1∶t) requires only minimal additional computational 

and storage costs in comparison to the standard stochastic Newton method. We intro-
duce two hyperparameters, � and � , to control the influence of previous observations. 
Intuitively, the impact of previous updates should fade over time as our current esti-
mate moves further away from the parameter values associated with the previously-
subsampled gradients and Hessians. In the next section, we will make this intuition 
more precise by outlining conditions on the hyperparameters under which the impact of 
previous updates decays exponentially.

5  The connection with momentum

We would like to view our updates as analogous to Polyak’s heavy ball momen-
tum  [61, 67]. In the context of optimization, momentum allows previous update 
directions to influence the current update direction, typically in the form of an expo-
nentially-decaying average. This section explores how our filtered approach to opti-
mization results in momentum-like behavior for the step direction.

To this end, we remark that from (17b) we have the recursion

p(zt−1|x1∶t−1) ≈ �d(zt−1;�t−1,Σt−1),

(17a)Σt = (Q−1
t

+ (�2Σt−1 + �Id)
−1 − S−1)−1,

(17b)�t = Σt(Q
−1
t
ft + (�2Σt−1 + �Id)

−1��t−1),

Σt = (Q−1
t

+ (�2Σt−1 + �Id)
−1)−1.
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so that the current step direction is the sum of the current Newton update and Mt 
times the previous step direction, where we define

for t ≥ 2 . In the standard formulation of momentum, a scalar 0 < m < 1 or diagonal 
matrix commonly takes the place of Mt , so that momentum acts in a coordinate-
wise manner. In contrast, our matrix Mt generally contains off-diagonal elements. 
To view our updates in the context of momentum, we need to establish matrix-based 
conditions for Mt to dampen the impact of previous estimates over time.

For any positive-definite, Hermitian matrix M ∈ ℝ
d×d , let �min(M) and �max(M) 

denote its smallest and largest eigenvalues, respectively. With this notation, 
�(M) = �max(M) corresponds to the spectral norm (as all eigenvalues are posi-
tive), and we have

Proposition 1 Suppose there exist 0 < Λ1 ≤ Λd such that Λ1 ≤ �min(Σt) and 
�max(Σt) ≤ Λd for all t. If 0 < 𝛼 < 1 and 0 < 𝛽 are chosen to satisfy 𝛼Λd < 𝛼2Λ1 + 𝛽 , 
then 𝜌(Mt) < 1 for all t.

Proof As the spectral norm is sub-multiplicative and �max(M
−1) = 1∕�min(M) for 

positive-definite matrices, we have from (19) that

where Weyl’s inequality [32, thm. 4.3.1] implies

Combining the above two inequalities allows us to deduce

and conclude.   ◻

We may reformulate the recursion (18) with initialization Σ−1
1
�1 = Q−1

1
f1 as

Under the conditions of the proposition, for each i ≥ 1 , we have from (20) that

as t → ∞ , where

(18)Σ−1
t
�t = Q−1

t
ft +MtΣ

−1
t−1

�t−1,

(19)Mt = �(�2Σt−1 + �Id)
−1Σt−1

�(Mt) ≤ � ⋅ �
(
(�2Σt−1 + �Id)

−1
)
⋅ �(Σt−1) ≤ �Λd∕�min(�

2Σt−1 + �Id)

�min(�
2Σt−1 + �Id) ≥ �min(�

2Σt−1) + �min(�Id) ≥ �2Λ1 + �.

(20)𝜌(Mt) ≤ 𝛼Λd

𝛼2Λ1 + 𝛽
< 1

(21)Σ−1
t
�t =

∑t

i=1

�∏t

k=i+1
Mk

�
Q−1

i
fi.

�(
∏t

k=i+1
Mk) ≤ ∏t

k=i+1
�(Mk) ≤ � �Λd

�2Λ1+�

�t−i
→ 0
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so that the impact of older updates exponentially decays over time, as one would 
expect from momentum.

We also note that, if 0 < Λ1 ≤ Λd exist, then 0 < 𝛼 < 1 and 0 < 𝛽 may always 
be chosen to satisfy 𝛼Λd < 𝛼2Λ1 + 𝛽 . For example, we may let � = 1∕2 and 
� = Λd.

6  Illustrated example: online linear regression

In this section, we compare the filtered method as described in Algorithm 2 to the 
standard, unfiltered method as described in Sect. 1 on a simple optimization problem 
of the form (1) that we now describe.

In maximum likelihood estimation, minimizing the negative log-likelihood for a 
set of i.i.d. samples from a log-concave distribution produces an average of func-
tions, each convex in the parameter of interest. We consider the problem of estimat-
ing a vector of coefficients for a discriminative linear regression model; i.e. given 
data yj ∈ ℝ and xj ∈ ℝ

d , 1 ≤ j ≤ n , we suppose

where � ∈ ℝ
d denotes a column vector of parameters. We aim to minimize the nega-

tive log likelihood, which can be written up to a multiplicative constant as

���
�∏t

k=i+1
Mk

�
Q−1

i
fi
���2 ≤ �

�∏t

k=i+1
Mk

����Q
−1
i
fi
���2

(22)p�(y1,… yn�x1,… , xn) =
∏n

j=1
�(yj;�

⊺xj, 1),
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so that ∇ log gj(�) = (xjx
⊺

j
)� − xjyj and ∇2 log gj(�) = xjx

⊺

j
.

6.1  Methodology

We performed a computer simulation with n = 100 and d = 2 . For 1 ≤ j ≤ n , we 
sampled xj ∼

i.i.d. N
(
( 00 ), (

1.0 0.1
0.1 1.0 )

)
 and �j ∼i.i.d. N(1, 1) , where N(m,V) denotes 

a Gaussian random variable with mean m and covariance V. We set yj = �⊺xj + �j 
for each j. In this way, the conditional distribution of the yi respects  (22), and the 
minimizer of (23) corresponds to the maximum likelihood estimate (MLE) for the 
parameter � . Due to our choice of small n, the true optimum �∗ = argmin� �(�) can 
be calculated exactly and used to help evaluate performance. In practical applica-
tions of stochastic Newton, we would generally expect n to be much larger.

For the purposes of comparison, we ran 1000 independent paired trials starting 
from the same initialization. The trials performed 30 optimization steps for each 
method. Within each trial, the two methods received the same 5 indices St , sampled 
uniformly at random with replacement from {1,… , n} at each step. These methods 
then garnered gradient and Hessian information from the same subsampled func-
tion at their respective current parameter values to form each subsequent update. We 
selected � = 0.9 and � = 0.2 for the filtered algorithm, but note that we generally 
expect these parameters to be problem-dependent.

We performed our comparisons on a 2020 MacBook Pro (Apple M1 Chip; 16 
GB LPDDR4 Memory) using Python (v.3.10.2) and its Numpy package (v.1.22.3). 
We include code to reproduce the results and figures that follow as part of our sup-
plementary material.

6.2  Results

We plot the evolution of three randomly selected paths for both methods in Fig. 1 
and present a graphical summary of the aggregate results of 1000 independent tri-
als in Fig. 2. We note that the filtered method tends to reach a neighborhood of the 
optimum in around 10 steps, while the unfiltered method commonly takes 30 steps 
or more (see Fig. 2a).

Prior to reaching a neighborhood of the optimum (where, according to Fig. 2b 
the function � seems to flatten out), the filtered estimates appear to be smoother 
than those of the unfiltered estimates (see Fig. 1). We make this observation more 
numerically precise by considering the signed angular difference (in radians) 
between the optimal descent direction and the calculated step direction before 
and after the filtering process. We record the mean square of this angular error 
(MSE) in Table 1 for the crucial first few iterations, where both methods are taking 
their largest steps, and find that filtering helps to reduce MSE appreciably. As the 
squared bias tends to be small ( ≤ 0.010 for both methods over the first 5 steps), we 

(23)𝓁(�) =
1

n

∑n

j=1
log gj(�), where log gj(�) = (yj − �⊺xj)

2∕2
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see a corresponding reduction in the variance of the error as well.3 As discussed 
in Sect. 3, this reduction in error was one of the original motivations for applying 
filtering.

We note that filtering allows paths to accelerate early on in their trajectory (see 
Fig. 2c) and reach a neighborhood of the optimum well before the unfiltered method 
(see Fig. 2a). Additionally, we monitored �(Mt) , as discussed in the previous sec-
tion, and found that for t > 5 , 𝜌(Mt) < 0.8 for all 1000 trajectories. Consequently, we 
observe the exponential decay of the coefficients for each Q−1

i
fi as written in (21).

6.3  Exponential families and generalized linear models

We now consider how this section’s linear regression example may be generalized. 
To this end, we introduce the exponential family [23, 39, 60], consisting of probabil-
ity distributions of the form

(24)p(x��) = h(x) exp(⟨�, T(x)⟩ − A(�))

(a) (b) (c)

Fig. 1  We plot three trajectories for the unfiltered and filtered methods (acting on the same samples) 
starting from the grey dot, and heading towards the global optimum (the red triangle) for the full objec-
tive function � in (1)

(a) (b) (c)

Fig. 2  Upon sampling 1000 trajectories for both the filtered and unfiltered method starting with the same 
initialization and receiving the same randomness, we plot the average values ± 2 standard deviations 
for a the Euclidean distance between the estimate and optimum, b the value of the entire (non-sampled) 
function � at the current estimate, and c the distance between the current and previous estimate, all ver-
sus the step number

3 For an estimator �̂� of a random variable � , the mean square error decomposes as 
�|𝜃 − �̂�|2 = Bias(�̂�)2 + � [�̂�] where Bias(�̂�) = �𝜃[�̂�] − 𝜃.



1 3

Discriminative Bayesian filtering lends momentum to the…

for x ∈ ℝ
� , natural parameter � ∈ ℝ

d , sufficient statistic T ∶ ℝ
�
→ ℝ

d , log-normal-
izer A ∶ ℝ

d
→ ℝ , and non-negative h ∶ ℝ

�
→ ℝ . (Note that our notation differs 

from that of most texts: authors typically let � denote the natural parameter, but we 
use � to maintain the notation from previous sections.) Given i.i.d. samples x1,… , xn 
from such a distribution, the MLE for � can be characterized as a solution to  (1) 
using the negative log likelihood, where

with

and

In particular, at each optimization step, the gradient and Hessian of each gj(�t−1) will 
always be the expectation and variance, respectively, of T(Y) − T(xj) where Y ∼ p�t−1.

Generalized linear models [53] with canonical response functions model condi-
tional distributions using the exponential family. For yj ∈ ℝ and xj ∈ ℝ

d , 1 ≤ i ≤ n , 
and � ∈ ℝ

d we write

so that the MLE for � again solves (1) with

Applying the chain rule to  (25) and  (26) then yields 
∇� log gj(�) = xj(�[T(Y)|xj, �] − T(yj)) and ∇2

�
log gj(�) = (xjx

⊺

j
)�Y∼p�

[T(Y)] . Thus, 
our algorithm may readily be applied to find the MLE for models of the above form, 
with a slight perturbation to the Hessian to ensure positive definiteness.

For a more standard presentation using the overdispersed exponential family, see 
McCullagh and Nelder [50].

log gj(�) ∶= − log p(xj��) = A(�) − log h(xj) − ⟨�, T(xj)⟩

(25)∇ log gj(�) = ∇�A(�) − T(xj) = �Y∼p�
[T(Y)] − T(xj)

(26)∇2
�
log gj(�) = ∇2

�
A(�) = �Y∼p�

[T(Y)].

(27)p(yj�xj, �) = h(yj) exp(⟨�j, T(yj)⟩ − A(�j)), where �j = �⊺xj,

(28)log gj(�) ∶= − log p(yj�xj, �) = A(�⊺xj) − log h(yj) − ⟨�⊺xj, T(yj)⟩.

Table 1  We report the mean square angular error (over the 1000 trials) for both methods during the first 
5 steps. Here, the unfiltered step direction is taken to be −Q−1

t
f
t
 for f

t
 and Q

t
 evaluated at the current fil-

tered estimate. As both methods implement line search to select step length, we believe angular error (in 
radians) may prove more pertinent to successful optimization than other, magnitude-influenced distances. 
Note that both estimates coincide at step 1

step 1 2 3 4 5

MSE unfiltered 0.041 0.050 0.081 0.178 0.408
MSE filtered 0.041 0.043 0.060 0.093 0.231
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7  Conclusions and future directions of research

The stochastic Newton algorithm uses subsampled gradients and Hessians to itera-
tively approximate an optimal step direction for batch-based optimization. When the 
batch size is small, the errors of these subsampled estimates may hinder progress 
towards the minimum. In this work, we applied a Bayesian filtering method with a 
discriminative observation model to filter the sequences of gradients and Hessians. 
We established conditions for the resulting optimization algorithm to behave simi-
larly to Polyak’s momentum, allowing the impact of older updates to fade over time. 
We illustrated how our method improves performance on a simple example and dis-
cussed how the algorithm can be applied more generally to inference for the expo-
nential family.

In the future, we would like to consider possible solutions to two main draw-
backs of our approach as currently formulated. In many practical applications, the 
high dimensionality of the parameter � causes maintaining and inverting the Hessian 
matrix to be prohibitively expensive. Hessian free methods and the large body of 
research on quasi-Newton methods [15] may offer some help here. Secondly, from a 
theoretical perspective, our method would benefit from algorithm termination con-
ditions and associated convergence results. The results of Roosta-Khorasani and 
Mahoney [65, thm. 4] and Bollapragada, Byrd, and Nocedal [13, thm. 2.2] are most 
germane to our work, but further modifications would be necessary.

We believe that stochastic optimization provides a natural setting for sequential 
Bayesian inference and anticipate further advances in this direction.

Acknowledgements The author would like to thank the editor Pavlo Krokhmal and the editorial staff, 
anonymous reviewers, and Elizabeth Crites for their thoughtful feedback on the manuscript. He also 
thanks Matthew Harrison and collaborators David Brandman and Leigh Hochberg for their contributions 
and insights developing the discriminative Kalman filter and pioneering its use in human neural decod-
ing, and Jérôme Darbon and Basilis Gidas for their advice and encouragement.

Code availability Code to reproduce the table and figures presented here is publicly available at: https:// 
github. com/ burkh 4rt/ Filte red- Stoch astic- Newton.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article 
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is 
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission 
directly from the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen 
ses/ by/4. 0/.

References

 1. Abdullah, A., Kumar, R., McGregor, A., Vassilvitskii, S., Venkatasubramanian, S.: Sketching, 
embedding, and dimensionality reduction for information spaces. In: Int. Conf. Artif. Intell. Stat. 
(2016)

https://github.com/burkh4rt/Filtered-Stochastic-Newton
https://github.com/burkh4rt/Filtered-Stochastic-Newton
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


1 3

Discriminative Bayesian filtering lends momentum to the…

 2. Agarwal, N., Bullins, B., Hazan, E.: Second-order stochastic optimization for machine learning in 
linear time. J. Mach. Learn. Res. 18, 4148–4187 (2017)

 3. Akyıldız, Ö.D., Chouzenoux, É., Elvira, V., Míguez, J.: A probabilistic incremental proximal gradi-
ent method. IEEE Signal Process. Lett. 26(8), 1257–1261 (2019)

 4. Amari, S.: Natural gradient works efficiently in learning. Neural Comput. 10(2), 251–276 (1998)
 5. Armijo, L.: Minimization of functions having Lipschitz continuous first partial derivatives. Pacific J. 

Math. 16(1), 1–3 (1966)
 6. Batty, E., Whiteway, M., Saxena, S., Biderman, D., Abe, T., Musall, S., Gillis, W., Markowitz, J., 

Churchland, A., Cunningham, J.P., Datta, S.R., Linderman, S., Paninski, L.: Behavenet: nonlinear 
embedding and Bayesian neural decoding of behavioral videos. In: Adv. Neur. Inf. Proc. Sys., pp. 
15706–15717 (2019)

 7. Berahas, A.S., Bollapragada, R., Nocedal, J.: An investigation of Newton-sketch and subsampled 
Newton methods. Optim. Methods Softw. 35(4), 661–680 (2020)

 8. Bergou, E., Diouane, Y., Kunc, V., Kungurtsev, V., Royer, C.W.: A subsampling line-search method 
with second-order results (2018). ArXiv:  1810. 07211

 9. Bertsekas, D.P.: Incremental least squares methods and the extended Kalman filter. SIAM J. Optim. 
6(3), 807–822 (1996)

 10. Bertsekas, D.P.: Incremental proximal methods for large scale convex optimization. Math. Program. 
129(2), 163 (2011)

 11. Blei, D.M., Ng, A.Y., Jordan, M.I.: Latent Dirichlet allocation. J. Mach. Learn. Res. 3, 993–1022 
(2003)

 12. Bollapragada, R., Byrd, R.H., Nocedal, J.: Adaptive sampling strategies for stochastic optimization. 
SIAM J. Optim. 28(4), 3312–3343 (2018)

 13. Bollapragada, R., Byrd, R.H., Nocedal, J.: Exact and inexact subsampled Newton methods for opti-
mization. IMA J. Numer. Anal. 39(2), 545–578 (2019)

 14. Bottou, L.: Large-scale machine learning with stochastic gradient descent. In: Int. Conf. Comput. 
Stat., pp. 177–186 (2010)

 15. Bottou, L., Curtis, F.E., Nocedal, J.: Optimization methods for large-scale machine learning. SIAM 
Rev. 60(2), 223–311 (2018)

 16. Brandman, D.M., Burkhart, M.C., Kelemen, J., Franco, B., Harrison, M.T., Hochberg, L.R.: Robust 
closed-loop control of a cursor in a person with tetraplegia using Gaussian process regression. Neu-
ral Comput. 30(11), 2986–3008 (2018)

 17. Burkhart, M.C.: A discriminative approach to Bayesian filtering with applications to human neu-
ral decoding. Ph.D. thesis, Division of Applied Mathematics, Brown University, Providence, USA 
(2019)

 18. Burkhart, M.C., Brandman, D.M., Franco, B., Hochberg, L.R., Harrison, M.T.: The discriminative 
Kalman filter for Bayesian filtering with nonlinear and nongaussian observation models. Neural 
Comput. 32(5), 969–1017 (2020)

 19. Byrd, R.H., Chin, G.M., Neveitt, W., Nocedal, J.: On the use of stochastic Hessian information in 
optimization methods for machine learning. SIAM J. Optim. 21(3), 977–995 (2011)

 20. Chen, Z.: Bayesian filtering: from Kalman filters to particle filters, and beyond. Tech. rep, McMaster 
U (2003)

 21. Cover, T.M., Thomas, J.A.: Elements of Information Theory, 2nd edn. Wiley-Interscience (2006)
 22. Culotta, A., Kulp, D., McCallum, A.: Gene prediction with conditional random fields. Tech. Rep. 

UM-CS-2005-028, U. Massachusetts Amherst (2005)
 23. Darmois, G.: Sur les lois de probabilites a estimation exhaustive. C. R. Acad. Sci. Paris 200, 1265–

1266 (1935)
 24. Duchi, J., Hazan, E., Singer, Y.: Adaptive subgradient methods for online learning and stochastic 

optimization. J. Mach. Learn. Res. 12, 2121–2159 (2011)
 25. Erdogdu, M.A., Montanari, A.: Convergence rates of sub-sampled Newton methods. In: Adv. Neur. 

Inf. Proc. Sys 28, 3052–3060 (2015)
 26. Friedlander, M.P., Schmidt, M.: Hybrid deterministic-stochastic methods for data fitting. SIAM J. 

Sci. Comput. 34(4), A1380–A1405 (2012)
 27. Gordon, N.J., Salmond, D.J., Smith, A.F.M.: Novel approach to nonlinear/non-Gaussian Bayesian 

state estimation. IEE Proc. F - Radar Signal Process 140(2), 107–113 (1993)
 28. Handschin, J.E., Mayne, D.Q.: Monte Carlo techniques to estimate the conditional expectation in 

multi-stage non-linear filtering. Int. J. Control 9(5), 547–559 (1969)

http://arxiv.org/abs/1810.07211


 M. C. Burkhart 

1 3

 29. Hernandez-Lobato, J., Houlsby, N., Ghahramani, Z.: Stochastic inference for scalable probabilistic 
modeling of binary matrices. In: Int. Conf. Mach. Learn. (2014)

 30. Hoffman, M., Bach, F.R., Blei, D.M.: Online learning for latent Dirichlet allocation. In: Adv. Neur. 
Inf. Proc. Sys 23, 856–864 (2010)

 31. Hoffman, M.D., Blei, D.M., Wang, C., Paisley, J.: Stochastic variational inference. J. Mach. Learn. 
Res. 14(4), 1303–1347 (2013)

 32. Horn, R.A., Johnson, C.R.: Matrix Analysis, 2nd edn. Cambridge University Press, Cambridge 
(2013)

 33. Houlsby, N., Blei, D.: A filtering approach to stochastic variational inference. In: Adv. Neur. Inf. 
Proc. Sys 27, 2114–2122 (2014)

 34. Ito, K., Xiong, K.: Gaussian filters for nonlinear filtering problems. IEEE Trans. Autom. Control pp. 
910–927 (2000)

 35. Johnson, R., Zhang, T.: Accelerating stochastic gradient descent using predictive variance reduction. 
In: Adv. Neur. Inf. Proc. Sys 26, 315–323 (2013)

 36. Julier, S.J., Uhlmann, J.K.: New extension of the Kalman filter to nonlinear systems. Proc. SPIE 
3068, 182–193 (1997)

 37. Kalman, R.E.: A new approach to linear filtering and prediction problems. J. Basic Eng. 82(1), 
35–45 (1960)

 38. Kim, M., Pavlovic, V.: Discriminative learning for dynamic state prediction. IEEE Trans. Pattern 
Anal. Mach. Intell. 31(10), 1847–1861 (2009)

 39. Koopman, B.: On distributions admitting a sufficient statistic. Trans. Amer. Math. Soc. 39, 399–409 
(1936)

 40. Kushner, H.: Approximations to optimal nonlinear filters. IEEE Trans. Autom. Control 12(5), 546–
556 (1967)

 41. Lafferty, J., McCallum, A., Pereira, F.: Conditional random fields: Probabilistic models for segment-
ing and labeling sequence data. In: Int. Conf. Mach. Learn. (2001)

 42. Liu, B.: Particle filtering methods for stochastic optimization with application to large-scale empiri-
cal risk minimization. Knowl. Based. Syst. 193, 105486 (2020)

 43. Loizou, N., Richtárik, P.: Momentum and stochastic momentum for stochastic gradient, Newton, 
proximal point and subspace descent methods. Comput. Optim. Appl. 77, 653–710 (2020)

 44. Luo, H., Agarwal, A., Cesa-Bianchi, N., Langford, J.: Efficient second order online learning by 
sketching. In: Adv. Neur. Inf. Proc. Sys., pp. 910–918 (2016)

 45. Mahsereci, M., Hennig, P.: Probabilistic line searches for stochastic optimization. J. Mach. Learn. 
Res. 18(119), 1–59 (2017)

 46. Mandt, S., Hoffman, M.D., Blei, D.M.: Stochastic gradient descent as approximate Bayesian infer-
ence. J. Mach. Learn. Res. 18 (2017)

 47. Martens, J.: Deep learning via Hessian-free optimization. In: Int. Conf. Mach. Learn., pp. 735–742 
(2010)

 48. Martens, J.: New insights and perspectives on the natural gradient method. J. Mach. Learn. Res. 
21(146) (2020)

 49. McCallum, A., Freitag, D., Pereira, F.: Maximum entropy Markov models for information extrac-
tion and segmentation. In: Int. Conf. Mach. Learn., pp. 591–598 (2000)

 50. McCullagh, P., Nelder, J.: Generalized Linear Models, 2nd edn. Chapman & Hall, Florida (1989)
 51. van der Merwe, R.: Sigma-point Kalman filters for probabilistic inference in dynamic state-space 

models. Ph.D. thesis, Oregon Health & Science U., Portland, U.S.A. (2004)
 52. Nash, S.G.: A survey of truncated-Newton methods. J. Comput. Appl. Math. 124, 45–59 (2000)
 53. Nelder, J., Wedderburn, R.: Generalized linear models. J. Roy. Stat. Soc. Ser. A 135(3), 370–384 

(1972)
 54. Ng, A., Jordan, M.: On discriminative vs. generative classifiers: A comparison of logistic regression 

and naive Bayes. In: Adv. Neur. Inf. Proc. Sys 14, 841–848 (2002)
 55. Oja, E.: Simplified neuron model as a principal component analyzer. J. Math. Biol. 15(3), 267–273 

(1982)
 56. Oja, E., Karhunen, J.: On stochastic approximation of the eigenvectors and eigenvalues of the expec-

tation of a random matrix. J. Math. Anal. Appl. 106(1), 69–84 (1985)
 57. Paquette, C., Scheinberg, K.: A stochastic line search method with expected complexity analysis. 

SIAM J. Optim. 30(1), 349–376 (2020)
 58. Pearlmutter, B.A.: Fast exact multiplication by the Hessian. Neural Comput. 6(1), 147–160 (1994)



1 3

Discriminative Bayesian filtering lends momentum to the…

 59. Pilanci, M., Wainwright, M.J.: Newton sketch: a near linear-time optimization algorithm with lin-
ear-quadratic convergence. SIAM J. Optim. 27(1), 205–245 (2017)

 60. Pitman, E., Wishart, J.: Sufficient statistics and intrinsic accuracy. Math. Proc. Cambr. Philos. Soc. 
32(4), 567–579 (1936)

 61. Polyak, B.T.: Some methods of speeding up the convergence of iteration methods. USSR Comput. 
Math. Math. Phys. 4(5), 1–17 (1964)

 62. Polyak, B.T., Juditsky, A.B.: Acceleration of stochastic approximation by averaging. SIAM J. Con-
trol. Optim. 30(4), 838–855 (1992)

 63. Pritchard, J.K., Stephens, M., Donnelly, P.: Inference of population structure using multilocus geno-
type data. Genetics 155(2), 945–959 (2000)

 64. Robbins, H., Monro, S.: A stochastic approximation method. Ann. Math. Statist. 22(3), 400–407 
(1951)

 65. Roosta-Khorasani, F., Mahoney, M.W.: Sub-sampled Newton methods. Math. Program. 174, 293–
326 (2019)

 66. Roux, N., Schmidt, M., Bach, F.: A stochastic gradient method with an exponential convergence rate 
for finite training sets. In: Adv. Neur. Inf. Proc. Sys 25, 2663–2671 (2012)

 67. Ruppert, D.: Efficient estimations from a slowly convergent Robbins–Monro process. Tech. Rep. 
781, Cornell U., Ithaca, U.S.A. (1988)

 68. Särkkä, S.: Bayesian Filtering and Smoothing. Cambridge University Press, Cambridge (2013)
 69. Spall, J.C.: Adaptive stochastic approximation by the simultaneous perturbation method. IEEE 

Trans. Autom. Control 45(10), 1839–1853 (2000)
 70. Stinis, P.: Stochastic global optimization as a filtering problem. J. Comput. Phys. 231(4), 2002–2014 

(2012)
 71. Sutskever, I., Martens, J., Dahl, G., Hinton, G.: On the importance of initialization and momentum 

in deep learning. In: Int. Conf. Mach. Learn 28, 1139–1147 (2013)
 72. Taycher, L., Shakhnarovich, G., Demirdjian, D., Darrell, T.: Conditional random people: Tracking 

humans with CRFs and grid filters. In: Comput. Vis. Pattern Recogn. (2006)
 73. Vaswani, S., Mishkin, A., Laradji, I., Schmidt, M., Gidel, G., Lacoste-Julien, S.: Painless stochastic 

gradient: Interpolation, line-search, and convergence rates. In: Adv. Neur. Inf. Proc. Sys 32, 3732–
3745 (2019)

 74. Vinson, J., Decaprio, D., Pearson, M., Luoma, S., Galagan, J.: Comparative gene prediction using 
conditional random fields. In: Adv. Neur. Inf. Proc. Sys 19, 1441–1448 (2006)

 75. Vinyals, O., Povey, D.: Krylov subspace descent for deep learning. In: Int. Conf. Artif. Intell. Stats 
22, 1261–1268 (2012)

 76. Xu, P., Yang, J., Roosta-Khorasani, F., Ré, C., Mahoney, M.W.: Sub-sampled Newton methods with 
non-uniform sampling. In: Adv. Neur. Inf. Proc. Syst. (2016)

 77. Zhang, C.: A particle system for global optimization. In: IEEE Conf. Decis. Control, pp. 1714–1719 
(2013)

 78. Zhang, C., Taghvaei, A., Mehta, P.G.: A mean-field optimal control formulation for global optimiza-
tion. IEEE Trans. Autom. Control 64(1), 282–289 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps 
and institutional affiliations.


	Discriminative Bayesian filtering lends momentum to the stochastic Newton method for minimizing log-convex functions
	Abstract
	1 Optimization scheme
	2 Related work
	3 Discriminative Bayesian filtering
	4 Stochastic optimization as a filtering problem
	4.1 Measurement model
	4.2 State model
	4.3 Resulting estimates and filtered optimization scheme

	5 The connection with momentum
	6 Illustrated example: online linear regression
	6.1 Methodology
	6.2 Results
	6.3 Exponential families and generalized linear models

	7 Conclusions and future directions of research
	Acknowledgements 
	References




